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THE BUCKLING UNDER PURE BENDING OF A PLATE GIRDER
REINFORCED BY MULTIPLE LONGITUDINAL STIFFENERS
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Abstract-The paper provides solutions for the buckling under pure bending of a plate girder web which is
reinforced by 3, 4 or 5 longitudinal stiffeners, These solutions are presented for the cases where both of the
longitudinal edges are assumed to be either simply supported or rigidly clamped, In both cases it is assumed
that a simple support condition exists along the transverse stiffeners,

The optimum positioning of these stiffeners is discussed and numerical relationships between the stiffener
parameters l' and B and the aspect ratio (X are presented for the case where all of the longitudinal still'eners are
identical.
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panel depth
panel length
plate thickness
Poisson's Ratio
= Et3112(1- Jl.2) flexural rigidity of unit width of plate
Second moment of area of the qth stiffener

ratio of flexural rigidity of the qth longitudinal to the flexural rigidity of the plate

area of the qth longitudinal stiffener

ratio of area of the qth longitudinal stiffener to area of panel

aspect ratio of panel = bid
= Kn2 D/d2t actual compressive stress at edge of plate
non dimensional buckling coefficient
Cartesian co-ordinates
transverse deflection of plate's middle surface
value of IJ at qth longitudinal stiffener
number of longitudinal stiffeners

1. INTRODUCTION

IN AN earlier paper [I], the authors presented a theoretical solution for the buckling
of a web reinforced by any number of longitudinal stiffeners and also provided numerical
results for the case of two longitudinal stiffeners, This present paper examines the case
of a web reinforced by either 3, 4 or 5 longitudinal stiffeners and provides numerical
results for the particular case where all of the stiffeners have the same size.

The theoretical solution assumed that the longitudinal stiffeners were symmetrically
placed about the mid-plane of the web and that their torsional rigidity was negligible,
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The structure considered is shown in Fig. 1, where OB and AC are transverse stiffeners
and MN and PQ are typical longitudinal stiffeners. It was assumed that the transverse
stiffeners provided a simple support to the panel OBCA along the edges OB and AC.
It was further assumed that the longitudinal edges OA and BC were either simply sup­
ported or rigidly clamped. By considering both of these edge conditions the influence
of any variation in edge restraint upon the buckling strength of the web and the relation­
ships between the parameters y, B and IX can be assessed.
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The authors also showed that for given values of K, '11' '12"'" tip, there is a single
relationship between the stiffener parameters, !'t, 12" .. , IP; B I' Bb · .. , Bp, and the aspect
ratio (1.. In the case of P stiffeners this relationship is linear in each Ii and involves (2P-l)
independent coefficients for each value of (1.. The manner in which a change in the rigidity
of one stiffener can affect the rigidity of the other stiffeners is shown in Fig. 2, which
gives the relationships between }'I, 12 and K for the case of two longitudinal stiffeners
only. When there are more than two stiffeners, the relationship between j'I' ~!2"" ~'p for
any given value of K is more complicated. In practice it is most convenient when all the
stiffeners have the same size and the numerical results presented in this paper are for
this particular case.

2. DETERMINATION OF OPTIMUM STIFFENER POSITIONS

The determination of the optimum stiffener positions for the case of only two stiffeners
is not a simple matter. Figure 2 of Reference 1 shows how the value of K varies with the
positioning of the two stiffeners when the longitudinal edges are clamped. In this particular
case the maximum value of K which can be obtained is 356 when the two stiffeners are
at Q·136d and Q·284d from the compression flange. Clearly, the determination of the
optimum stiffener positions is very much more difficult when more than two stiffeners
are employed and the development of an approximate method of determining their
positions is desirable.
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Figure 1 shows the elevation of a plate girder reinforced by two stiffeners. The
buckling stress of the various panels can be computed treating them as individual rec­
tangular panels, assuming that the stiffeners and adjacent panels provide a simple support.
Clearly this would be a lower bound to the actual buckling stress since it neglects any
continuity effect. Kollbrunner [3] has collected together the available solutions which
deal with the buckling of rectangular panels under linearly varying edge stress; these
are plotted in Fig. 3. Further values of K have been determined by the writers, as indicated
in Fig. 3.

For the case where both edges of the panels are simply supported, the following
empirical laws between K and C have been determined:

K = 2·2C3 + l-61C 1+4

K = 5·98C2

Valid C S 2,

C ?:: 2.

(la)

(Ib)

When the edge of a rectangular panel which is subjected to the greatest compressive
stress is clamped and the other edge is simply supported, the relationship between K
and C is given by equation (2):

K = 3·97C3 +2·35C+S·41. (2)

Now, considering panel A of Fig. 1, the buckling coefficient K for this panel is

whilst that for panel B is

[ (2 2)3 "2 2)1 oJ' )K = 2·2 '12- 111 +1'61(. 112- 111 +4.( 1 d2/( _)2
bod - 2111 . d - 2111 1 - 211 Iid 112 111 ,

and that for panel C is

(3)

(4)

(5)

Now when the stiffeners are in their optimum position the buckling resistance of all
three panels will be approximately equal. In order to find an approximate optimum posi­
tion we therefore assume that the buckling stresses of the three panels are equal. In the
clamped case solving equations (3), (4) and (5) for the three unknowns 111' 112, and K the
respective values ofO·139d, O·289d and 319 are found. The values of 111 and 112 are reason­
ably close to the exact values of O·135d, O·284d and 355 obtained in Reference 1. Having
determined the approximate optimum configuration the corresponding value of K can
be obtained from equation (11) of Reference 1. This value K s includes the continuity
effect which is ignored in obtaining the approximate optimum configuration, and is the
exact buckling stress for the given configuration.

A similar method is used in the case of 3, 4, and 5 stiffeners using (ta) or (2) for the
panel at the compression edge, depending on the edge condition, and (la) for the inter­
mediate panels. Since it is reasonable to assume that the edge condition at the tensile
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TABLE 1. OPTIMUM PLACING OF LONGITUDINAL STI~'FENERS

Flanges provide clamped support

No. of stiffeners K 2 3 4 5 6 K,

One
Exact optimum O·22d 161
Approx. optimum 139 0·221d 161

Two
Exact optimum 0'136d O·284d 356
Approx. optimum 319 O'139d O·289d 327

Three Approx. optimum 578 O'lOld 0·204d O·327d 597·5
Four Approx. optimum 915 Q·OSOd (}158d (}246d 0·352d 92%
Five Approx. optimum 1330 O'066d (}129d 0·198d O·27Sd (}369d 1322
Six Approx. optimum 1822 O'056d O'I09d O·I66d 0·228d O·298d O·382d

Flanges provide simple support

No. of stiffeners K 2 3 4 5 6 K,

One
Exact optimum O-lOd 129
Approx. optimum 120 0-20Sd

Two
Exact optimum 0-123d D-275d 313
Approx_ optimum 293 0'129d O·283d

Three Approx. optimum 544 0'093d O·198d 0·323d 532
Four Approx. optimum 872 O'073d 0'152d 0·242d O·349d 842
Five Approx. optimum 1277 0'060d 0-124d 0-194d 0·273d 0-367d 1220
Six Approx. optimum 1760 0-D51d O-I04d O·162d 0·225d 0·296d (}381d

TABLE 2. CONVERGEN('E TESTS: DETERMINATION m' K, (SEE TABLE l)

Longitudinal edges Size of
clamped determinant

5 stiffeners
1/1 = 0-066d NxN 18 x 18 20x20 21 x 21 22 x22 23 x 23 24x24 30x30 35 x 35
1/2 = 0-129d
'13 = 0-198d Buckling
1/,. = 0'278d coefficient 2557-1 1551-1 1398·5 1346-2 1329'3 1325-3 1323 /322-3
1/5 = 0-369d I Ks

a = (}065 I
Longitudinal edges Size of
simply supported determinant

5 stiffeners 25 x 25 30 x 30 35 x 35
1/1 = O'060d NxN
'12 = 0-124d
'/3 = Q-194d

I
Buckling

'/,. = 0·273d coefficient 1225 1220 J220
'15 = 0-367d Ks

~ = 0-065

Longitudinal edges Size of
clamped determinant

4 stiffeners NxN 18x 18 24x24 30x30
'I! = Q-Q8d
'11 = Q-15Sd Buckling ,
1/3 = 0·246d coefficient 948'3 927-1 926'2
1/4 = Q-352d K,
~ =0-08
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edge has little effect on the buckling stress of the tensile panel, (lb) is used for both edge
conditions. The results are given in Table 1, where the values given under K are the
approximate values of K obtained from the above equations and under K s are the exact
values of K for the given configuration. In determining K s , 35 x 35 determinants were
used. Table 2 gives details of the convergence tests which were carried out. Comparison
of the approximate with the available exact optimum solutions shows that the agreement
is quite good.

3. DETERMINATION OF STIFFENER RIGIDITIES

As stated in the Introduction, one case which is of particular interest to the designer,
since it will simplify fabrication, is when all the stiffeners have the same flexural rigidity
and area. Having determined the approximate optimum placing of the stiffeners by the
method described in Section 2, equation (8) of Reference I was solved for the particular
case where ;'1 = ;'2 = ;'3 '" = ;'1' and HI = B 2 = B3 = '" = BI" Table 3 gives details
of the convergence tests conducted for the case of 3, 4 and 5 longitudinal stiffeners.

The results obtained are plotted in Figs. 4, 5 and 6.

fABLE 3. CONVERGENCE rESTS: DETERMI!\A nON or EQUAL GAMMA'S
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DISCUSSION OF RESULTS

It will be noted from Figs. 4, 5 and 6 and from Table 1 that when two or more
longitudinal stiffeners are employed, the influence upon the parameters K and i' of
increasing the flange support from that of a simple support to a clamped support is
slight for values of bid less than 1·0.
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In order to assist designers approximate relationships have been developed which
approximate the theoretical relationships between }' and bid for values of bid within
the range 0·5 to 1·6. For values of bid outside this range, it is recommended that the
curves in Figs. 4, 5 and 6 be used. The approximate relationships are as follows:
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Longitudinal edges clamped:

(30-69 + 202-7B)cx2-(4-87 + 20-69B)cx .l

(35-37 + I95-8B)o:2 - (11-29 + 15-94B)cx .l

Three Stiffeners

Longitudinal edges simply supported:
Longitudinal edges clamped:

(35-54 +422-9B)cx2 (4-278+ 73-72B)cx .l

(37-18 + 423-5B)o:2 - (7-852 + 87-98B)o:3

Four Stiffeners

Longitudinal edges simply supported:
Longitudinal edges clamped:

(46-52 + 687-0B)o:2 (5'961 +98'81B)cx3

(46-50 + 708'5B)o:2 - (8-888 + 142-9B)C(3
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Fil'e Stiffeners
Longitudinal edges simply supported:
Longitudinal edges clamped:

(57'58 + 1010B)(X2 - (7-420+ 123·4B)():.J
(58'02 + 1036B)(X2 - (11'42 + 179·1 B)(X.J

The above laws yield values of}' which are within 5~o of the actual values.

Four longitudinal stiffen'ers of equal flexural rigidity
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With regard to the placing of the stiffeners, it will be noted that the position of the
stiffeners has been specified to within one thousandth part of the depth of the girder.
In practice this would mean positioning the stiffeners to the nearest ! in. on a web 20 ft
deep; which is quite practical. The width of the stiffener and the attaching weld will
however reduce the clear width of the panels to less than that assumed in the theory,
with the result that the buckling resistance stated will in fact be less than that obtained
in a practical girder. No allowance for this fact has been made in the current analysis.

Now that a solution for the buckling under pure bending of a web reinforced by a
number of longitudinal stiffeners has been obtained, it is possible to examine the buckling
of such webs when loaded in combined Shear and Bending. When examining this case,
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the approximate method of determining the optimum position of the stiffeners, which
has been shown to be useful in this paper, will clearly help to reduce the computational
work involved.

Five longitudinal stiffeners of equal flexural rigidity
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CONCLUSION

The approximate optimum placing of 3, 4 or 5 longitudinal stiffeners has been deter­
mined. For identical stiffeners placed in these positions, relationships between the
flexural rigidity and area of the longitudinal stiffeners and the spacing of the transverse
stiffeners have been determined. For values of bid less than 1·5 the buckling resistance
and the rigidity of the longitudinal stiffeners is little affected by an increase in longitudinal
restraint from that of a simple support to a clamped support.

Acknoll'ledgement--·The results presented in this paper are based on calculations which were carried out on
the Elliot Computer of Hull University.
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Zusammenfassung- Der Beitrag bietet eine Lasung fUr die Knickung eines Stegtragers unter reinen Blegungsver­
ha1tnissen, wobei del' Trager mit 3, 4 odeI' 5 langsweisen Aussteifungsstiicken verstarkt wird. Die vorgc
schlagenen Lasungen beziehen sich auf Fall<:, bei denen vorausgesetzt wird, dass die beiden Elngsweisen
Kanten entweder einfach gestiitzt, odeI' steif angekIemmt sind. In beiden Fallen wird angenommen. dass langs
der Transversalaussteifungen eine cinfache Stiitzbedingung besteht.

Die optimale Lage dieser Ausstcifungsstiicke wird besprochcn, und die zahlenmassigcn Beziehungcn
zwischcn /' and B. dcn Paramctem dcr Ausstcifungsstiickc, und 7., dcm Scitcnvcrhaltnis. Werden ilngcgcbcn.
und zwar fUr cinen Fall, bci dem aIle Jangswcisen Aussteifungcn idcntisch sind.

Ai'icTpaKT--Pa6oTa llaCT PCWCHflH iUlH BbIrIY~I1BaHI1H [lpl1 f1pOCTOM I1HI16e creHOK C[HOUHlbIX 6'U(OK.
YCWICHHblX nocpcllC1BOM 3, 4, 11;111 5 IIP01l0;IbHbIX JJlCMeHTOB lKCCTKOCTJ.1. 3TI1 PCUICHI1H npCWIOlKCllbl
1lJlH CJly~acB, r.uc o6a npO£]O;lbtlbIC KpaH 11;111 I1MCIOI IIpOC"lylO onopy 11.1'1 lKe lKCCTKO 'laKpCIIJ"lCHhl B
o6ol1X CJIy~aHx npellnOJlaraCTCH, ~TO ycnoBI151 npocToH onopbl cywCCTBylOT B1l001h JlOIJCPC~HbIX J:ICMCIITOB
lKCCTKOCTH.

D,I1CKyccllpyeTcH OnTI1MaJlbHOC paCnOJlOlKCHI1C JTJ.rx );lCMCHTOB lKCCTKOCTJ.1 II ,IlilIOlCH YI1CJICtillblC
OTHOWCHH5I MClK£]y napaMeTpaMH y fl B JJleMeHTOB lKCCTKOCTJ.r 11 OTHOCHTe01bHbiM YJIJlHHHel1HeM " I1n51
CJly~aH, r£]e Bce np0£]OJlblible JJIeMeHTbl O£]I1HaKOBhl,


